Rules for integrands of the form u (a + b ArcTanh[c + d x])P
1. J-(a +bArcTanh[c +d x])P dx

1: J(a+bAr‘cTanh[c+dx])"dlx when p e Z*

Derivation: Integration by substitution

Rule: If p € z*, then

1
J(a+bArcTanh[c+dx])pdx — —Subst[J(a+bArcTanh[x])pdlx, X, c+dx]
d

Program code:

Int[ (a_.+b_.*ArcTanh[c_+d_.*x_])"p_.,x_Symbol] :=
1/d*Subst[Int[ (a+bxArcTanh[x])~p,X],X,c+d*x] /;
FreeQ[{a,b,c,d},x] && IGtQ[p,0]

Int[ (a_.+b_.*ArcCoth[c_+d_.*x_])"p_.,x_Symbol] :=

1/d*Subst[Int[ (a+bxArcCoth[x])"p,Xx],X,c+d*x] /;
FreeQ[{a,b,c,d},x] && IGtQ[p,0]

uU: J(a+bAr‘cTanh[c +dx])Pdx when p¢z*

Rule:If p ¢ Z*, then

f(a+bAr‘cTanh[c +dx])Pdx — j(a +bArcTanh[c + d x])P dx

Program code:

Int[ (a_.+b_.xArcTanh[c_+d_.*x_])”"p_,x_Symbol] :=
Unintegrable[ (a+bxArcTanh[c+d*x])*p,Xx] /;
FreeQ[{a,b,c,d,p},x] & Not[IGtQ[p,0]]
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Int[ (a_.+b_.*ArcCoth[c_+d_.*x_])"p_,x_Symbol] :=
Unintegrable[ (a+bxArcCoth[c+dxx])*p,x] /;
FreeQ[{a,b,c,d,p},x] && Not[IGtQ[p,0]]

2. J(e+fx)"' (a+bArcTanh[c +dx])P dx

1: J(e+fx)m (a+bArcTanh[c +dx])Pdx whende-cf=0 A pez*

Derivation: Integration by substitution
Rule:lf de-cf =0 A peZ*,then

1 fx\m
f(e+fx)'" (a+bArcTanh[c+dx])Pdx — aSubst[J(T] (a + bArcTanh[x])P dx, X, c+dx]

Program code:

Int[(e_.+f_.#x_) m_.*(a_.+b_.*ArcTanh[c_+d_.*x_])"p_.,x_Symbol] :
1/dxSubst [Int[ (f+x/d) mx (a+bxArcTanh[x])"p,X],x,c+d*x] /;
FreeQ[{a,b,c,d,e,f,m},x] & EqQ[d+e-cxf,0] && IGtQ[p,O]

Int[(e_.+f_.#x_) m_.*(a_.+b_.*ArcCoth[c_+d_.*x_])"p_.,x_Symbol] :
1/d+Subst[Int[ (fxx/d) mx (a+bxArcCoth[x]) p,x],x,c+d*x] /;
FreeQ[{a,b,c,d,e,f,m},x] & EqQ[d+e-cxf,8] & IGtQ[p,O]

2: J(e+fx)'" (a+bArcTanh[c+dx])Pdx whenpeZ* A m+1eZ"

Derivation: Integration by parts

. -1
Basis: 9¢ (a + b ArcTanh[c +d x] )P == bde (a*blA”chad”:‘()fg*d“ L
- (Cc+

Rule:lf pez*A m+1ez ,then
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(e+1:x)m+1 (a+bArcTanh[c +dx])P bdp J(e+fx)m+1 (a+bArcTanh[c +dx])P?
dx

J(ehcx)"‘ (a+bArcTanh[c +dx])Pdx —

f(m+1) _f(m+1) 1- (c+dx)?

Program code:

Int[(e_.+f_.#x_)"m_x(a_.+b_.+ArcTanh[c_+d_.*x_])"p_.,x_Symbol] :=

(e+Ffxx) " (m+1) x (a+bxArcTanh [c+dxx]) ~p/ (fx (m+1)) -

bxdxp/ (fx (m+1) ) xInt[ (e+Ffxx)~ (m+1) * (a+bxArcTanh[c+dxx])~ (p-1) / (1- (c+d*x)"2),X] /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[p,0] && ILtQ[m,-1]

Int[(e_.+f_.#x_)"m_x(a_.+b_.xArcCoth[c_+d_.*x_])"p_.,x_Symbol] :=

(e+f*x) A (m+1) x (a+bxArcCoth[c+d*xx]) "p/(f* (m+1) ) -

bxdxp/ (fx (m+1) ) xInt [ (e+Ffxx)~ (m+1) * (a+bxArcCoth[c+dxx])~ (p-1) / (1- (c+d*x)"2),X] /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[p,0] && ILtQ[m,-1]

3: f(e+fx)'" (a+bArcTanh[c+dx])Pdx when pez*

Derivation: Integration by substitution

Rule: If p € z*, then

de-cf Fx\"
+ —] (a+bArcTanh[x])?dx, x, c+dx]
d

1
J(e+fx)'" (a+bArcTanh[c +dx])Pdx — ESubst[J[

Program code:

Int[(e_.+f_.#x_) m_.*(a_.+b_.*ArcTanh[c_+d_.*x_])"p_.,x_Symbol] :=
1/d+Subst[Int[ ((d+e-c+f) /d+fxx/d) *m« (a+bsArcTanh[x])"p,x],Xx,c+d*x] /;
FreeQ[{a,b,c,d,e,f,m},x] & IGtQ[p,0]

Int[(e_.+f_.#x_)™m_.*(a_.+b_.*ArcCoth[c_+d_.xx_])"p_.,x_Symbol] :=
1/d+Subst[Int[ ((d+e-c+f) /d+fxx/d) *m« (a+b*ArcCoth[x])"p,x],X,c+d*x] /;
FreeQ[{a,b,c,d,e,f,m},x] & IGtQ[p,O]
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u: J(e+fx)'" (a+bArcTanh[c+dx])Pdx when p ¢ Z*

Rule: If p ¢ Z*, then

j(e+fx)m (a+bArcTanh[c +d x])Pdx — j(e+fx)m (a+bArcTanh[c +d x])P dx

Program code:

Int[(e_.+f_.#x_)"m_.*(a_.+b_.*ArcTanh[c_+d_.*x_])"p_,x_Symbol] :
Unintegrable[ (e+fx)~m« (a+bxArcTanh[c+dx])~p,x] /;
FreeQ[{a,b,c,d,e,f,m,p},x] & Not[IGtQ[p,0]]

Int[(e_.+f_.#x_)"m_.#(a_.+b_.*ArcCoth[c_+d_.*x_])"p_,x_Symbol] :
Unintegrable[ (e+fxx)“m« (a+bxArcCoth[c+dxx])"p,x] /;
FreeQ[{a,b,c,d,e,f,m,p},x] & Not[IGtQ[p,0]]
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3. J(e+fx“)'" (a+bArcTanh[c +dx])Pdx

ArcTanh[c + d x]
5. f T ax

e+ fx"

ArcTanh[c +d x]
1: J—dlx when neQ

e+ fx"

Derivation: Algebraic expansion

Basis: ArcTanh[z] == % Log[l+z] - % Log[1 - z]
Basis: ArcCoth[z] == % Log[lzﬂ ~ % Log[—%z}

Rule: If n € 0, then

X — —
e+ fx" 2

e+ fx" 2

ArcTanh[c +d x] 1 rLog[l+c+dx] 1 rLog[l-c-dx]
J—dl J—dlx J—dlx

e+ fx"

Program code:

Int[ArcTanh[c_+d_.*x_]/(e_+f_.*x_"n_.),x_Symbol] :
1/2+Int[Log[1+c+d#x]/(e+Ffxx"n),x] -
1/2+Int[Log[1-c-d+x]/(e+fxx"n),x] /;

FreeQ[{c,d,e,f},x] & RationalQ[n]

Int[ArcCoth[c_+d_.*x_]/(e_+f_.*x_"n_.),x_Symbol] :
1/2xInt[Log[ (1+c+dx) / (c+dxx) ]/ (e+Ffxx"n),x] -
1/2+Int[Log[ (-1+c+dxx) / (c+d+x) ]/ (e+fxx"n),x] /;

FreeQ[{c,d,e,f},x] & RationalQ[n]
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ArcTanh[c +d x]
U:J—————————dxw%nne@

e+ fx"

Rule: If n ¢ Q, then

ArcTanh[c +d x] ArcTanh[c +d x]
J— dx — f— dx

e+ fx" e+ fx"

Program code:

Int[ArcTanh[c_+d_.+x_]/(e_+f_.#x_"n_),x_Symbol] :
Unintegrable [ArcTanh[c+dxx]/(e+fxx*n),x] /;
FreeQ[{c,d,e,f,n},x] & Not[RationalQ[n]]

Int[ArcCoth[c_+d_.*x_]/(e_+f_.*x_"n_),x_Symbol] :
Unintegrable [ArcCoth[c+d«x]/(e+fxx*n),x] /;
FreeQ[{c,d,e,f,n},x] && Not[RationalQ[n]]
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4: J(A+Bx+Cx2)q (a+bArcTanh[c +dx])Pdx when B (1-c?) +2Acd=0 A 2cC-Bd=0

Derivation: Integration by substitution

Basis: If B (1 - c? +2Acd::0/\2cC—Bd::0,thenA+Bx+Cx2::—dc—2+dc—2 (c+dx)?

Rule:1f B (1-c?) +2Acd=0 A 2cC-Bd = 0,then

C x?

1 c a
J(A+Bx+Cx2)q (a+bArcTanh[c +dx])Pdx — —Subst[J[——z + —2] (a+bArcTanh[x])P dx, X, c+dx]
d d d

Program code:

Int[ (A_.+B_.*x_+C_.*x_"2)"~q_.*(a_.+b_.*ArcTanh[c_+d_.*x_])”"p_.,x_Symbol] :=
1/d*Subst[Int[ (-C/d*2+C/d"*2xx"2) ~q* (a+b*ArcTanh[x])*p,X],X,c+d*x] /;
FreeQ[{a,b,c,d,A,B,C,p,q},x] &% EQQ[B* (1-c”2) +2xAxc*d,0] && EqQ[2xcxC-Bxd,0]

Int[ (A_.+B_.*x_+C_.*x_"2)"~q_.*(a_.+b_.*ArcCoth[c_+d_.*x_])”"p_.,x_Symbol] :=
1/d*Subst [Int[ (C/d"*2+C/d"2xx"2) *q* (a+bxArcCoth[x]) ~p,X],X,c+d*x] /;
FreeQ[{a,b,c,d,A,B,C,p,q},x] &% EQQ[B* (1-c”2) +2xAxc*d,0] && EqQ[2xcxC-Bxd,0]
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5:JXe+fo(A+Bx+Cxﬂq(a+bAmem[c+dandxvmenB(1-é)+2Acd=e‘A2cc-Bd=a

Derivation: Integration by substitution

Basis: If B (1 - c? +2Acd::0/\2cC—Bd::0,thenA+Bx+Cx2::—dc—2+dc—2 (c+dx)?

Rule:1f B (1-c?) +2Acd=0 A 2cC-Bd = 0,then

+ — — +

i , 1 de-cf Ffx\"( C Cx?
(e+Fx) (A+Bx+Cx)q(a+bAr‘cTanh[c+dx])"d1x—» —Subst[ -
d d d d? d?

q
] (a+bArthﬂandx,x,c+d{

Program code:

Int[(e_.+f_.#x_)Am_.% (A_.+B_.#x_+C_.*X_"2)"q_.(a_.+b_.*ArcTanh[c_+d_.*x_])"p_.,x_Symbol] :=
1/d+Subst[Int[ ((d+e-c+f) /d+Ffxx/d) *mx (-C/d*2+C/d 24X 2) ~q* (a+bxArcTanh[x]) ~p,x],X,c+d*x] /;
FreeQ[{a,b,c,d,e,f,A,B,C,m,p,q},x] & EqQ[B* (1-c"2)+2#Axcd,0] && EqQ[2+C*C-Bxd,0]

Int[(e_.+Ff_.#x_) m_.# (A_.+B_.*X_+C_.*X_"2)"q_.(a_.+b_.*ArcCoth[c_+d_.*x_])"p_.,x_Symbol] :=
1/d=Subst [Int] ( (dxe-c+f) /d+Fxx/d) *mx (-C/d*2+C/d 24X 2) ~q (a+bxArcCoth[x]) ~psx] X, c+dwx] /3
FreeQ[{a,b,c,d,e,f,A,B,C,m,p,q},x] & EqQ[B*(1-c"2)+2#Axcxd,0] && EqQ[2+C*C-Bxd,0]



